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In this paper we solve the fundamental mixed problem and the second
fundamental problem of the theory of elasticity for the axially symmetric
deformations of a circular cylinder of finite length. Two variations of
the mixed problem are solved: 1) arbitrary stresses are prescribed on the
ends of the cylinder and displacements are prescribed on the lateral sur-
face, and 2) arbitrary displacements are given on the ends of the
cylinder and arbitrary stresses are prescribed on the lateral surface. A
particular case of the first problem is the bending of a thick circwlar
plate whose lateral surface is rigidly clamped and which is acted upon

by a load applied over one of the end surfaces.

The mixed problem for the cylinder was examined by Filon [l]; however,
the boundary conditions pertaining to the tangential displacements on
the ends of the cylinder were not satisfied. This problem was solved by
an approximate method in [2]. other mixed problems concerning the elastic
deformations of a finite length have been investigated in a number of
papers [3,14].

1. Stresses prescribed on the ends of the cylinder and
displacements prescribed on the lateral surface. It is required
to find functions u(r, z) and w(r, z) which in the interior of the
cylinder 0 < r <R, - I <z <1 satisfy the Lamé differential equationms
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and which on the surface of the cylinder satisfy the conditions
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w (R, 2) =y (
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u(R, z) =
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Here o is Poisson’s ratio, G is the shear modulus, 8 is the dilata-

tion, and o (r, z) and Trz(r, z) are the stress tensor components, viz.

du u Jw ow du ow
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The boundary functions ¢,(r), @,(r), f,(r), and f,(r) are assumed to
admit of a Fourier representation in terms of Bessel functions of the
first kind

@i ()= eWo (), fi(r) =3 /2 (har) (1=1,2) O<r<R) (1.5)
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where A R = u are the positive roots of the equation J (u) =0

R R
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0

and the functions y(z) and x(z) are Fourier series

{
bz) =% + Z o c0s LD
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x(2) = z yom sin 222 =D

To solve the problem we introduce the Papkovich-Neuber representation
of the solution of the Lamé equations. In the case of axially-symmetric
deformations this takes on the following form in cylindrical coordinates
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where &, &,, and 8, are arbitrary harmonic functions. Setting in (1.8)
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we obtain the following particular solutions of the Lamé equations (1.1}:

a0 = — {.‘f Col' Iy (kmr) + Con [(46 — 2) Iy (ker) +

cas [ma(z—1I)/2!]
+ kmrIo (kmr) ]} 21 —aq) ,’tmfo (/(‘mH) (i '9)
i 1) /20
oo — { %_ Con®I s (r) + Con 1200 (om?) + Femr (kmr)}} Zi;nﬁ(;mmkj‘m

here C_, C'“) are arbitrary constants, and I,(k,r), I,(kr) are
modified Bessel functions

B = o 2z m=1,2,..) (1.10)
Further, by setting in (1.8)
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= ATt o Bsian
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[An(x,unb AnlnbApz 4 Aﬂ“’ cosh X,,Z} Jo (Am?)

bg = 0, an = pm, JO (pn) =z 0, {n = 1, 2' . .) (1-11)
we obtain a second type of particular solution of Equations (1.1)
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where An“), An(“, An“}, An“) are arbitrary constants,

We assume a series solution of the boundary value problem formulated
above

8(;2? 5t 2 U +- 2 w®, w= 2 W + E wm® (119

ma==1

It is evident that the term containing the arbitrary constant a,
satisfies Equations (1.1).
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The satisfaction of the boundary conditions (1.2), together with the
consideration of the expansions (1.5) and (1.7), leads to three
identities. Equating the Fourier coefficients of the functions on the
left and right sides of these identities, we obtain the following rela-
tions for the unknown constants

kp
Cal = — 20 [2 4 R 7] 44 — O bt
A, (2) —
A =2 1 — 26 — Apluasdyl] + 16 21"+ fa®1 T1 (AaR)
( (1.14)
A
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n

L 1 — BT (hR)

If we satisfy the remaining boundary conditions (1.3), taking the ex-
pansions (1.5) and (1.7) into account, we obtain three equations

R o @ wz
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=} Ne=}
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With the help of Formulas (1.14), the expressions for the quantities
R, (1 , B, (2) and R are easily transformed into the form
pw_ __ Cnln XJ1 (ki R)
m 2(1—o) &, To (k. R)
GA (l)L (1) ,
@ __ (2) (1)
R = —Gymtimy T U /T Bl (1.18)
ca,@L ®
® _ w ®
B = rgrma g Ve T/ Juek Al
where
L™ = o Ayl At L® —unhd — 2t (1.19)
== goth + 2}4 1° n n “oo;h." )‘“l .
Iy (ky R) I? (k)
L = (6 — 40) gy — kR [1—m] (1.20)

In order to equate the Fourier coefficients of the functions on the
left and right sides of Equatlons (1.15) and thereby to find relations
for the unknown constants C,, An 1 A"(z) and a,, we expand the func-
tions (1.16) and (1.17) in Fourier series

Fy(z, n) = -%—Fom )+ S Fu (n) cosﬂ(—;l_—l) (—1<2<))

" m=1 (1.24)
Fy(romy= ) Fa® (m)Jo(Ar),  Jo(MaR)=0  (0<r<R)

=]

It is not difficult to calculate the Fourier coefficients and thereby
to obtain the expressions

® 54, Ty (AR [£, ) — 1, @)
FO (n) T e 1(1 — 5) kﬂ% ZZG;\I“Q
APHY 10 A+ £, P10 (0, R)
(1) — n mn n n n
m m%~20~®km 210G (k2 + A0 (m=14,3,..)
) An(l)IImg) [fn(l) _— fn(2)] Jl (A,ﬂR) (1 -22)
Fa (W)= 50 —oyx. UG (e, T 75 (m=2,4,..)
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@ 4Gy kA
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Here
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Now, setting the series (1.21) and the expansion of unity
1= % 2‘, (x o o) O<r<R)

into Equations (1.15) and equating Fourier coefficients, we obtain four
relationships. Transforming these reiationships with the help of Formu-
las (1.18) end (1.22), we find the constants a,, C,, A ) and A 2)

o 4 (1) — .
a’__—__.;r% Z A:’ ““Z(éIR 6) Z J], A R) [}en(l) f(ﬂ)] +4(1 G)‘lpo (1.24)
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| =2

Cm = —-T E Aﬂm) Hm’(‘l) + gmm) (m=1, 3,...) (1’25}
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Cp = — £_ 2 Anu)]{m(l) +Em 1) (m=24...) (1_26)
™ =1
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ﬂ m==2.4,...

(n=1,2,..) (1.27)

A = L @ 2 CoHn® + 1.2 (n=1,2,..) (1.28

m=138,...
where
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) = n n ad B
tn L, ‘. Io (k R) T ¥m — 2 2GI (An® + km*) ]
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t—0)J, (A, R)
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~ RL® ORI
n —2.4,...
25 Gl—c)be  2(1—0) « TR
— R(i—Zc)knLn(l){ R " TIRG 2 % f 1 fz!}

=1
( — )1 (A, R)

1]"(2) =
GL,®

[(fa® + /n(z))m;\,nl + pl) — (Pn(z)] —

81—0) <« FmFmAn
— i@ 2 AT R (1.29)
n me==1,3,...
From Equations (1.25) to (1.28) we obtain two 1nf1n1te systems of in-
finite algebraic equations for the unknown constants A ) and A

863 ® 4,0 .
—ma— Lo 2 e T Y e=12..)1.30
sa=
o0 [ee]
An(z) — Z Z _____H (I)H (2)A (2) + 6 (2) (n:i, 2" . ') (1-31)
m=1,3,... 6=1
Here
o0
P P Wy @ @
pt == - Im 2 §m mn —+ M
i (1.32)
3 = — e (2) 2 g @ H,& 4 g,
m==1.3,..

Thus, the boundary conditions have been satisfied, and the-series
(1.13) represent a solution of the boundary value problem that has been
posed above. The constants a,, A, (3 ), n, and C , entering
into the series (1.13), are unlquely expressed in terms of the constants
A, (1) 4 (2), and the Fourier coefficients of the boundary funct1ons by
means of Equat1ons (1.24) to (1.26) and (1.14). The constants An and
A, (2) are found from the infinite systems {(1,30) and (1.31). If there
exists a unique bounded solution of the infinite systems (1.30) and
(1.31), then the series (1.13), which gives the solution of the problem,
converges uniformly in the interior of the cylinder - l < z <1,
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0 <r <€ R and there admits of termwise double differentiation.

2. Investigation of the infinite systems. DBefore entering
into the investigation of the infinite systems (1.30) and (1.31), we
establish some identities and inequalities that contain modified Bessel
functions. We expand the functions r and I,(kr) in the interval 0 <r <R
in a Fourier-Dini series

re SO () L) = S fa s () @4)

Na=] n==]

here A"R = p_ are the positive roots of the equation Jo(u) = (0, Calculat-

ing the Fourier coefficients according to the second Formula (1.6), we
find

Fal® = 4 fo= 2kl (kR)
" RAIT (M, R) T RIL(A, B+ K

Since the conditions of uniform convergence are fulfilled [15], the
series (2.1) converges uniformly on the segment ¢ < r <R, where
0 < a <R, Therefore, setting r = R in (2.1) and substituting in the
values of fn(O) and f_, we obtain two identities

iii»_..z ;2 (2.2
EE) | n
2 & k I (kR
"2 TEFR] =I:Ek3; » Jo(hnR)=0 (2.3)

ne=1

Differentiating (2.3) with respect to the parameter k, we arrive at
the identity

A q_ B o h(R) I* (kR) B
T2 (FF AR ‘“21(1, (&R) —kR [1'—7%5-(@}, Jo(hn R) =0 (2.4)
n=1

Hence as a consequence of Equations (2.3) and (2.4) we find

4 2 kh 2
R 2 (A, 7+ k)
n=1

I,* (kR) _
=kR[1—I;,(kR)], Jo(AnR)=0 (2.5)

Further, we record the known identities [16]

2 &« kLR 2
g3 H¥a? TnLkR) kR (2.6)

-

==
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i k3 _ I (kR) 4
R 2 (k3+ a,2) "R{Iﬁa (kR) 1] T kR (2.7)
[oe]
Io (kR) I (kR)
Z k‘»}-—a =2 i — FR | T g — 1) 2.8)

Here a R =y, are the positive roots of the equation J,(y) = 0. From
the interlacing of the roots of the Bessel functions J, (x) and J, (x) it
follows that [15]

An < ap, g > 0n  (n=1,2,...) (2.9

Now, from the identities (2.3) and (2.6) and the first inequality
(2.9) we have

Iy (kR) I, (kR)

Iy (kR) I (kR)
ILikRy ~ %R < I, (kR

kR [ I (kR)y — I (kR) }<2 (2.10)

Since A nt1 > O it follows that

P 4 kS b K
R Z (k2 - R 07 - 7R B A <73' E  F a0t
n=i ko
Hence
K3 ks
R 2 (k% A 22 < Z (k’-]»-a )2 +kR

n=1

or by virtue of (2.4) and (2.7)

o L(kR) I3 (kR) I (kR)
2 THemy <FR[1— T5Gnr] + kR [1°° wrr—1]

Since

kR [ — 2t | <*R[Ttem — 1]

then from the last inequality and (2.10) we obtain

Iy (kR) 13 (kR) 2
TR <kR[——-——-I‘1’3 o _..1]+ o (2.19)

In the investigation of the infinite systems (1.30) and (1.31) we
limit ourselves to Poisson’s ratios o that vary over the interval
0 < g <1/3. We denote sums of the moduli of coefficients of the systems
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(1.30) and (1.31) by Tn(l) and 7;(2} respectively. We bound them from
above. It is seen that

1 had 1 o0
T 5 I o Hold [T+ Ta®, ThO< 5 | D | T (2.12)
m=2,4,... n m=L3,...
(n=1,2,..
where
— o (1) 0 __
Fm—Z—] le b T'n - R‘l(iw—d)x (1) Z x‘, (2.13)
and
sinh 2k, @ —2h a
L,>0. L0 >0, L,® = ”_é"c'{,;?m = >0
%|k“—cm2+kﬂ| 4 Kk [(1—o)k 24 o)D)
ﬂ) _ “m|"m s m
l i [km3 + kszlz < -2_1 _—I_,Z- = (kmz +X82)’ 2 (2.14)

which follows from the identity (2.4) and formulas (1.20), (1.19), and
(1.23). Applying (2.14), (2.4), (2.5) and (1.20) we find

Pm<2—£;{(1—°)[2?‘§r“ﬁ;' b R (1 — ) +

—}—cka[im;:—,g—:—:——g}}z

_ R 2—23—(1—20) ky RULo (kyy R)I1 Uy R) T (i R)/To iy, R)]
- ar 4—ds—k_ Rl (k, R/ (k,, R)—I1(k, R)lo(k, R)]
or
R
S/t 9) (m=1,2,3,..) (2.15)
Here
2= —(1—2)t, B Itk R)  Ii(k, R)
flm O)=—3—f—— tm = kB [ LG R Tok, R)]

By virtue of the inequality (2.10), the argument t, varies over the
interval 0 < ¢ < 2. Let us determine the largest value of the function
(e, o) on the interval 0 < ¢ <2 for various values of o. The deriva-

tive

f 25—t —1)

- (h—ds—1 )

m

does not vanish on the interval 0 < t, < 92. Since the trinomial
5¢ — 402 — 1 has the roots gy = 1/4 and o, = 1, we have



Deformations of a solid circular cylinder 985

0f [0t <O, (0o <<1/4); 0f/0tn>0, (174<s<12)
Therefore it follows that

flm 6)<f(0, 6)=1—1/2 (06 << 1/4) 2.16)
Ftm 6)</(2, 0) =1 —(1—30)/(1 —20) (1/4<c<1/2)

We set

1/2 OW<o<<1/4)
2 = {(1 —30)/(1—20) (1/4<c<1/2) (217)

whereby

>0 (0<s<1/3) (2.18)

Hence by virtue of (2.16) and (2.17) the inequality, (2.15) can be
rewritten as

In<< 5 (1-—261) (m=1,2,...)

From which the inequalities (2.12) can be rewritten as

T2 9 g, O 4 T0 =2,y (249)

8 (1)
n m=24,...
_R(1—20) o @
T, ——ZEE;T)LM:% “len | (n=1,2,...) (2.20)
where
@ 8, | o [(mat / 200+ A 2] — (ma ) 20|
| Hon ™} = RO+ (i [IF S
20 8 [@2/m)A N [s[(2/a)A,l)R 4 (1 — o) m¥]
SEw T ™~y I P (2.21)

Furthermore, substituting the series (2.2) into the second equation
of (2.13), we obtain

2'—2
T =t =t 2. (2.22)
We have the identities
8 < km? o mk k2
w2 e T T D
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8« K k wk /2
- 2 B mip B T (kD) (2.23)
m=}1,8,...
8 & ke wk /2 4
- 2 B Emap + sinb? (Wk [ 2) | ®E
m==2.4,... g
8 - km? - nk sk /2
‘?E' 2 Ty = "7 Ttk
=1,8,...

The quantity T, ‘1) , by virtue of (2.19), (2.21) and (2.23), may be
bounded in the follow1ng manner:

mg(i—zax) {(1 5) coth Aol — ma“]-{—c[mxnz+mm }+

- 20 2q%
+ To® = (1)1{00“'3'1“‘(1*‘26)‘,,\“:3, T }+ (1 — 26) A,IL, @ <

20 s

where we have used (1.19) and (2.22). From Formula (2.17) it follows
that

1 — 26 — =5 >0

Therefore
T, <1 — 26, n=1,2,...) (2.24)

Inequalities (2.18) and (2.24) show that the infinite system (1.30)
is fully regular for values of ¢ in the range 0 < ¢ < 1/3. Further, using
(2.20), (2.21) and (2.23) we bound T,

120 Ayl Aol
T“(z)g—z;-@—l'{c {unh?ml—-——*;-i;'f} (1—6)13‘”7\'“l+mh2l I]}:
- L, w>1 [ wann l + — cosh? A,, l ]

Hence, applying (1.19), we find
(2.25;

1] zﬂ 22'1!1
z,.ts><1—el--[el-2(1—291)(1~c)-i—:7n], =l =12

It is seen from inequalities (2.18) and (2.25) that for arbitrary o
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in the interval 0 < ¢ < 1/3 and for arbitrary dimensions ! and R of the
cylinder, a number ny can be found such that for all n > ng the follow-
ing inequality will be fulfilled

tﬂ
31““2(1—291)(1—~0)T_Tn>0 (n > no)

This means that the system (1.31) will be fully quasiregular for all
the indicated values of o.

By the use of Formulas (1.32), (1.23) and (1.29), it is easy to show
that the free terms of the infinite systems (1.30) and (1.31) are bounded
if the Fourier coefficients of the boundary functions are of the order

Ym=0(m1), An=0@m?), f[D=0Vn), e=0\n) (=12

By the same token, the fully regular infinite system (1.30) has a
unique bounded solution. The question of the existence of a unique
bounded solution of the fully quasiregular infinite system {1.31) re-
duces to the existence and uniqueness of the solution of a finite system
of n, equations in n, unknowns. If the solution of this system of finite
equations exists and is unique, then a bounded solution of the infinite
system (1.31) exists and is unique [17].

3. Displacements prescribed on the ends of the cylinder
and stresses prescribed on the lateral surface. It is required
to find functions u(r, z) and w(r, z) which satisfy the Lamé differ-
ential equations (1.1) in the interior of the cylincer 0 < r < R,

-~ 1l €z <1 and which on its surface satisfy the conditions

u(r’ l):':/l(r)' u(r: “““l)’-':/z("), Trz(Rg Z)‘:O (3.1)
w(r, )=q.(r), w(r, —)=qu(r), o (R, z)=1¥(2) (3.2)
Here cr(R, z) is the normal stress on the lateral surface of the

cylinder. The functions f,(r), f,(r), ¢,(r) and ¢,(r) are assumed to be
representable in Fourier series

%) =@+ e o(tnr), ()= NAONHAr) (CTITT) @3

n=1 n=1 l
where A R = y,_ are positive roots of the equation J,(y) =0
R R
%= e 00 = gt e () o Ganyar

0 [
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R

fn(i R"‘Jo (X R) grf,(?’)]l(?hﬂ?)df (i =1, 2}

and the function y(z) is assumed to have the Fourier series

¥ (2) = Z\Pmsmf—’-‘%i —i<s<d (3.4)

m=}

We seek a series solution of the boundary value problem in the form

o o0
o= Z am(3) -+ Z un(4), W= g + 3 (i asz + 2 wm(3) -+ zwn(ﬁ (3 5)
me==] n==1 m=1 ﬂ'—‘-:].

Here

U = — {% Con@ Iy (ki 7) -+ Con 1046 — 2314 (ke 7) + Ko 1o i r)}} %

sin [mr (z — 1)/21}

X T A — o) ki k,, B

(3.6)

i : 1 — 1) /21
wn® = — {3 Cal® o (k) + C (210 (k) + ko ()1} 5o E 0L

1 ,
W = ST (A s ha 2+ Anasihy Loz +

+An(1)m}\vnl Z sinh }\,nZ + An(z) zCOSh)A'n Z} ‘]1 (xn 7‘)

1
(3} — ) . —
W' = T S s Oy R){ An®cosnhnz — An@rash hnl sinh AnZ

— AW agndn l Zcoshhn 2 — An® 2 sinnhn z +
+ (_3.1'_;:2.1391, [AnWaanhy LsinnAp 2 4 Ap® comAnz] }JO (Anr)
n

mi

km = '*‘27— 3 ?\/n R = T'R! J1 (‘Tn) = 0 (3.?}

where a;, ay, Cu, Cm(l), An(l), An(Z), AR(S) and An(4) are unknown con-
stants.

The functions (3.6) are obtained by means of Formulas (1.8). There-
fore the functions given by the series (3.5) satisfy the differential
equations (1.1). The satisfaction of the boundary conditions (3.1), with

(3.3) taken into account, leads to the following relations for the un-
known constants:
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Lk R
Cpt = —Cpy [40 + 2k R Tgk—m?)l]
An® = — Aa® Lunnhn !+ 2 (1 — 6) [fa® 4+ £2®] Ty (An R) (3.8)

A = — A,® [ com Al -+ 2 (1 — 0} [/ — fu@1 T (An R)

Further, by satisfying the boundary conditions (3.2), we cbtain three
equations. We then compare Fourier coefficients of the functions entering
into these equations, taking into account expansions (3.3), (3.4), and
the expansion of unity

mau{z —1)

1= 22[(—1)’“—115311 57 (=l

mi
m=1

As a result of calculations analogous to those carried out in Section
1, we obtain relationships for the determination of the unknown con-
stants, which, after some transformations, take on the form

ay = — 7{(1—2f_—5) § ,{Cf:; + —12~ (@™ + @] (3.9)
et
= g 3 TRt 1)
m=1,3,.
Con = — 5_} A Hld 4 08— £ Bl (=13, (341)
n-'l
Con = -—-{; %AM Ho' T8 m=24,..) (3.12)
ot
A= 2 S CnHe® £ 18 =ty (343)
.
An® 2{2, i Con Huld 4 Ma® (n=1,2,..) (3.14)
i
Here
Lm=km3[%?—i]~-?$ (3.15)
Lo = (3 — 46)annhn ] “‘:—"xl"r . La® = (3 —40)com Al hﬁk‘l

(3.16)
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2k A —o A2+ k) @ _ A, A2 —c A4k, 1

mn = T(h? + k27 ' mn = A3 F k7 (317)
2(1 —0) oy Mg [1a0 + 1, @] Jo (A R) 4
gm(l) == Lm 2 m l(xng + kmﬂ) + Lm; wm (m = i: 3) .. -) (3'1’8)
n=1
20— ) 2 Ak [ — 1,01 Ty 0 B) | 4 —
gm’m = Lm 2 I(A'ﬂz + kmﬁ) 2 + Lm; ‘Pm (m =2v 41 L -) (3‘19)
n=1
W — 20— Mo B @) (W) @
Nt = Ln(\l) [Pn — @n® 4 (fa® + fn®)anndy ] (3.20) -
2(1 — ) AJo (A, R)
M@ = Ln(2: [(an -+ %‘” + (fa® — fn®) com An l] (3.21)

From Equations (3.10) to (3.14) we obtain two infinite systems of
linear algebraic equations for the unknown constants C,

2 9 < 1 W 7y @ 1639 x C,

__ A _ s 1
Crm I, Z: LW Hun' Ho' Co——prar—ggymar 2 k3 T om%
n=] §==1,3, ... ==1,3,...

(m=1,3,...) = (3.22)
2 [« ] L] 1 .
Cm = - Z’; 2 2 L 2} m;'tl) Silz) Cl + 6mm (m=2i 4; .. } (3‘23)
n=18=24.... T
where
1 S, s 1—0
O = — I > H m Ta® + Epn® T T2 [Po® — o}
n=1 (3.24)
" .
8p(® = — LL N HopD @ 4 g0
m

it

By means of (3.8), (3.9), (3.10), (3.13) and (3.14), the constants
a;, as, An(l), An(z), An(3), An‘4), C.(l), which enter into the series
(3.5), are uniquely expressed in terms of the constants C, and the
Fourier coefficients of the boundary functions. The constants C_ are in
turn to be found from the infinite systems (3.22) and (3.23). If there
exists a unique bounded solution of the infinite systems, then the solu-
tion which is represented by the series (3.5) will be unique and within
the cylincer — | < z <1, 0 < r < R the series (3.5) will converge uni-

formly and admit of double, termwise differentiation.

We next examine the infinite systems. To do this, we bound the sums
of the moduli of the coefficients of the systems (3.22) and (3.23) from
above, denoting them by Tm(” and TM(Z) respectively. It is seen that
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T (1) E!ng)f L@ -+ T {0} (m=13,...) (3‘25)
n-—»l
Tp® < Lz Eleif’JI‘n‘*’ (m=24...)
™ ey
where
1Bat o
To'® = g7 ({—2o)mnL_, kF (3.26)
8=1,8,+..
i - 1 < (2
o=y 3 A@,  Te-rg 38 6
i 8==1.8,... Be=D.4,...
Here

Le>0,  L®>0, L@>0

which follows from Formulas (3.15), (3.16), the identity (2.7), and the
inequality 0 < o <0.5. Using the inequality ,
(3.28)
{HY | = Ay lhg —o{(sn202+ 221 1 8 [(2/7) Apl [(1 —0) (28,1 ) n)? - 0s?]
moie R AT + (sn200 P ~F T [@hal]nR + %

the identity (2.23) and the expression (3.16) for Ln(”, we bound Fn(z)
Aot
o<ty m[(l a)(mxnz+ u - 27) + o (oo xnz~—2—ﬁ)]

1 Ayl leomh,l
"Rznfgl{“‘a}“““"'fmﬁknl” { (msx 1) }} RL,@

or
miE  =h2e) (3.29)

({x}x exactly the same way, using (3.28), (2.23) and (3.16), we bound
r

L < gy [ (0= ) fmhnd )+ ol ] =

[ wnbdy (26 —1) A, DaectSA, 0§ 4 — (1 —25)2A, lcosechZh,, L

aw—

T R (B—lohmabA, L — A, lsechi Ay R 3— 40 — A, leosech2A, 1
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or

I < Rf(t,., ) (n=1,2,...)

where
t—(1—20)t, 2, 1
f(ts, 6) = k3, tn=sm”—l o<, <)
In [18], the following bound for the function f(t , o) was found
f(tn, 0) <1 —18g (n=1,2,...)
0, — 2(1—0)/(3—45) 0D<s1/4)
°_{<1—3c)/(1—2s> (1/4<s<1/2)
where
0, >0 for 0<{o<{1/3 (3.30)
Therefore
| RO (1——60) (n=1,2,...) (3.31)

In view of (3.29) and (3.31)

, the bounds (3.25) can be rewritten as
T,0 <

(1—60)T + T
T

m=1.3,...) L ©
(T=7 1 H Y ) (3.32)
m=24,... ™ n=1

Using (3.17) and the identities (2.7)

T <

R(3 —io)

, (2.8), we bound T,

(=]

2km|An’—c(kn’+km’)| R O ke [(1 — 6) Ay + k]
= § Lon I (ky® + And)? 2lL R Z Rm® + Agd)? =
~ - a2l — kR (e 1))+
+ o[k R (77627 — 1) — mnl}
T ZIL —{e—2 %—(1—25)%3[%—1]_%}

Thus, applying inequality (2.11) and Formula (3.15), we obtain

R 1¢? (ky R) b— 4o

T < {2 — 290 kn R[5 — 1]+ 7 —
I (kpm R) 4o

— (1 —20)kn R [y — 1] — )
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r IUkmR) 4] 2—2 , 6—105
b R | 2GRy — 1J_ o Rk

™"
R 6 — 105 6— 103
= WL {L"' + oz } =3 [1 + %7 R_L_] (3.33)
Since
{ _
. 8
#==1,8,...

we find, by substituting k, = su/2l into (3.26), that

T ©) — 853 . 408
T R(I—23)mnl, (1 —28)knAL,

Hence, by virtue of (3.33) and (3.34), the bounds (3.32) take on the
form

(3.34)

6 — 105 4t
Tt —8+ —57 Fo RL,, (] — 63)+W (m=1,3,..)

8 — 10s
T~<3 43+(3 46) k RLy m=2,4,...)

T‘m<1_.%.ao-{%9° = RL {(3 56) (1 — 90)+1iszc
(m=1,3,...) (3.35)

1—2 1—26 2(3 —53)
T.(ﬂ<i-—3_“—[3_% B= h)kaLm] (m=24..)

B is seen frem inequalities (3.30) and (3.35) that for an arbitrary
value ¢ in the interval 0 < ¢ < 1/3 and for arbitrary dimensions I and
R of the cylinder, a number m, can be found such that for all m > m, we
will have

% —az— [B—50) (1 —0) +25]>0 m>m

1—2 2(3—59)
3—-—45_(3—-43)Lmka>0 (m > mq)

It is furthermore obvious that the second inequality can be satisfied

for arbitrary o in the interval 0 < ¢ < 1/2. This means that for

0 < o < 1/3 the infinite system (3.22) is fully quasiregular [17], whereas
the infinite system (3.23) is fully quasiregular for 0 < ¢ < 1/2.

It is easy to show that the free terms (3.24) of the infinite systems
(3.22) amd (3.23) are bounded if the Fourier.coefficients of the boundary
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functions are of the order
m=0(1), @ =0(n"), @ =0(n") (=12

Therefore the question of the existence of a unique solution of each
of the infinite systems for the indicated values of o reduces to the
existence and uniqueness of a finite system of m; equations in m un-

knowns [17].

4. Displacements prescribed on the surface of the cylinder.
The boundary conditions of the problem can be written as

w(r, )=/(),  wl, =)=, w(R 2)=19(2)
u(r, ) =q1(r), ulr, =) =gy(r), w(R, z)=%(2)

Here

O =10+ DRI (ar), o) = NeO i (ar) (B2

n=1 n=1 OST<R

¢(z)——+2¢mcosm“(§, D, A= 3 tesinZEE=D oo

m=1
where A R = y_are the positive roots of the equation J,(y) = 0.

We seek a solution of the boundary value problem in series form

To (kp R) bogn

B =g c) +1 2 Lt Ry im® T 2“"“)
n=1
ol o (4.1)
z 0 m
o=t g~ ] 1§ il + S
Here wm(l) and uu(” are given by Formulas (1.9)
4 ® = A R [An®aahAn LiinhAn Z + An@cosnhn Z -+ An® ZsinnAnz +

T —o)mbAn !
+ An@anhdnl zcomAn 2] Iy (AnT)

A, R
Wa® = m'l—
— Ap@amnd, [ Zainh A, 2+

{— A, B anthy, Leosh Ay 2 — Ap® sish A 2 — An® Zeosn Az —
3 — 46

[AnWsiah A 2 -+ Ap@ranhn lmx,.zl} Jo (A7)
KnR=Tm fx('fn)=0

where un(S) and wn(S) are particular solutions of Equations (1.1).
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The boundary conditions are satisfied by the method set forth in
Section 1, and by the use of the expansions

s 2
== e— Zm.’l(lnr) o r<R)
n==1

by + byz = z o (=)™ —1]— by [1 +(— 1)m]} mzu Sinm“(;l—-l)
M=) (—1<a D)

we obtain the following relationships for the unknown constants entering
into the series (4.1):

a, = % o™ + /o®]
= % (1 —o)bo, (1 —20)a3= -;—a, 44 T2 ol — fo®]
cmu)=_2(; [ 6—2+ ki, Rlo(ka)]_ 4(1—q) ¥

T; (K R) 1
A 2(—9) [/,.m + 1]
A0 = 2 (1 [ [al® — fo@)
4l oo H (1) C
A‘u(l) - m Z JO (An H) + bﬂ( ) (n = 11 2! . ‘) (4'2)
m=24,..
a2 HPC,
Aﬂ(z) = —R—IT(Z)' 2 Joa R) + 6‘"( ) (n = i, 2; .. ') (4'3)
m=1,3,...
Cn= 2 ST O R Ha® 4 + B (me2 4.y (4
m —t
Con = TZzRI S o(nR) Hud An® + Bn®  (m=1,3,..)  (4.5)
n=1

_2t—9) [ hn
W= i | S TR R T e

m=2.4,
240
+ mage gy + U — fa®] com A z}
2d—9) Wb
RL,® { Z RJo (R B) Ap¥ F £ +

m=1,8,.

) "(’) =

+ Pn® — @u® + [£a® + £2®)tanihn l}

_200=0) mlotkmB) | o [ —Fa®) Jo (A R)
R e b o + Im+

n=1

+

21 [(1 _— 25) as ~— a,./2]
(1 —o)mn }
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2(1— mdo km B) | o [ + £221 To (hpy B) kg
b 247 (sl 5 ST s )

L, I (kg B)
W — A ! _ Ag i
L = B—4o)con bl — 387, Lo = B —do)mashnl 8 (4.6)
Io (km R I} (ke R
=(4— 4)l°§k R; kmn[lj,gk R; 1] (4.7)
(1) 27» k (2) . A‘n k
' = iy Bl =g i s
We introduce new unknown constants X and Y, by setting
Xn . 4 ,
A =rtn AR (49

We change the subscript n to s in Equations (4.2) and (4.3) and sub-
stitute into these equations (4.4), (4.5) and (4.9). Thereby we obtain

two infinite systems of linear algebraic equations in the unknewns X
and Y
n

Xe= 8(1) Z [Ti—ngl) Hunid Xn+ A (s=1,2,..) (410)
)

8 w1l
Vo=—7m 2 Zz;Hmﬁ”ng)Yn-%—T.‘” (s=1,2,..) {(411)

where
l [o0]
L= S Hul Bl + Ty (b R) 8O
Tom=ad (4.12)
)
= g N Had B+ To (hy R) 0,
m=1,3,...

We next show that these infinite systems are fully regular for
0 < 0 < 1/2. We denote the sums of the modul1 of the coefficients of the
systems (4.10) and (4.11) by T ) and T ) respectively. It is seen
that

8
L

S| Hopd Tm, T.<>=-8— 2 HolPTw (s=1,2,.) (413)

me=2,4,... ‘ m=1,3,...

T,0 =

Here

o0
L= 2 - Hmilz), LW>0, L®&2>0, Ln,>0
Ly,

n=]1
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where the inequalities follow from (4.6), (4.7) and the identity (2.8).
Using (4.8), (2.8) and (4.7), we find

ng Alkm R [zlo(ka) _ka(.Io’(ka)__i)];:

Tt T A = QL | Ttk B) T (ki R)
_ & To (km R) _2—4s]_ R4
= WLy { — Q=47 Gy R)}< i [1 4——-46:} = Wi

Therefore we obtain the following bounds for the quantities (4.13)

R 1) )
T.m PR S, 2} H {2} —— 2}
) <1(1—s>L:“’M¢ e B0y cow},,,,ls e
(s=1,2,...) (4.14)

Substituting H"(l) and k_ = mn/2l into (4.14) and using the ex-
pressions (2.23) and (4.6) we obtain a bound for T, )

Ay i
R .
1<2(1—3)L<1>[°°‘”ll dnh"“]<2(1.—c)(3—4<s)
or
1 s=1,2,...
7,01 — 8, 62"‘:1—_2——“—(1—6)(3-—40) (0<c<1;, ) (4.15)

Since 2(1 - 0)(3 - 40) > 1 for 0 < 0 < 1/2, we have
8: >0, 12 0<<o<<Y,; 8,=0, 12 o=1), (4.16)

In exactly the same way we find a bound for T’(z)

T,® i 1 + 2h, {cosech2h, I
<2(1— ) L,®@ [‘”’h}' l+m’k l] 2(1—0) 3 — 40 + 2hg I cosach2A,

or

. . A |
1 (:)<2f((iz. c)), fits, 6) = 12;1.';_: , t‘=_-m'2£§‘i}”£" 0<t, <t (417)

It is easy to show that
1] 1
Ftn <TI0 = 5= bsesh)
Therefore the bound (4.17) may be rewritten as

s==1,2,.
TOI1—06; 0;=1 -"4—('1-}:;)? ( 0<°<‘/a ) (4.18)
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93>O, 1f O<6<1/2;63=O, if 6:1/2

From inequalities (4.15) to (4.18) it follows that the infinite
systems (4.10) and (4.11) are fully regular for 0 < o < 1/2 and regular
for o = 1/2. The free terms (4.12) of the infinite systems (4.10) and
(4.11) are bounded if the Fourier coefficients of the boundary functions
are of the order

m=0(1), Xn=0(1), fa® =0(Vn), @ = 0(V'n) (i=1,2)

By the same token, each of the systems (4.10) and (4.11) has a unique
bounded solution of 0 < ¢ < 1/2.
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